Asynchronous Bayesian Learning over a Network

Kinjal Bhar He Bai

Abstract— We present a practical asynchronous data fusion
model for networked agents to perform distributed Bayesian
learning without sharing raw data. Qur algorithm employs
unadjusted Langevin dynamics with a gossip-based protocol
for sampling, coupled with an event-triggered mechanism to
further reduce communication between gossiping agents. These
mechanisms drastically reduce communication overhead and
help avoid bottlenecks commonly experienced with distributed
algorithms. In addition, the algorithm is expected to increase
resilience to occasional link failure. We establish mathematical
guarantees for our algorithm and demonstrate its effectiveness
via a numerical experiment.

Index Terms— Distributed Bayesian learning, Unadjusted
Langevin algorithm, Asynchronous Gossip protocol, Event-
triggered mechanism, Multi-agent systems

I. INTRODUCTION

Distributed learning in machine learning applications has
gained much attention recently due to ubiquitous applications
in sensor networks and multi-agent systems where the data
is distributed at multiple computing nodes, yet a common
model needs to be trained. Such situations arise when
constrained by memory, inefficient data sharing means, or
confidentiality requirements for sensitive data. Overfitting
may occur when isolated agents train on their local data.
Comprehensive parameter updates across isolated models
also introduces inefficiencies for reaching threshold accuracy
levels when compared to unconstrained information sharing.
Distributed learning aims to leverage the full distributed data
by a coordinated training among all the agents where the
agents are allowed to share partial information (usually the
learned model parameters or their gradients) without sharing
any raw data. The information shared is significantly lower
compared to sharing the raw data and does not compromise
confidentiality.

In this paper, we focus on Bayesian inference techniques
since they have been established as a reliable method for
training machine learning models involving large datasets
and a large number of trainable parameters. Additionally,
since they are based on sampling from posterior distri-
butions, they provide a built-in mechanism to quantify
uncertainty. However, computing exact posteriors in most
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practical scenarios is analytically or computationally impos-
sible. In this paper we employ Markov Chain Monte Carlo
(MCMC) with an unadjusted Langevin algorithm (ULA) as
the sampling method. Convergence of centralized Langevin
method has been established for strongly log-concave pos-
terior [1]-[4] and for non log-concave posterior [5]-[12].
Distributed [13]-[16] and federated [17], [18] formulations
of various Bayesian based algorithms have been developed
as well. However, most literature on distributed Bayesian
learning deals with synchronized updates by all agents at any
given time [13]-[16], which is not practical. Synchronized
updates have immense communication overhead at every
time instant and may be stymied due to lagging agents.

We seek to develop an algorithm to circumvent the afore-
mentioned shortcomings. Motivated by optimization litera-
ture [19], [20], we introduce the concept of asynchronous
gossip updates to the ULA. The gossip algorithm allows
asynchronous updates where at any time only two agents
make updates and share information. In addition to reduced
communication overhead, it is more robust to occasional link
failures since at most a single link is active at any time.

Furthermore, we incorporate an event-triggered informa-
tion sharing scheme where information between the two
active agents does not need to be exchanged unless some
event is triggered, further mitigating the communication
overhead issue. We present rigorous convergence proofs for
the proposed algorithm. The results obtained in this paper
are of practical relevance as they model the information
exchange over a graph much more pragmatically. To make
the updates truly asynchronous, we propose using a constant
step size which does result in a bias in the convergence. How-
ever, bias exists even for centralized implementations [21].
Detailed discussion on how to minimize the bias in the
convergence and one illustrative example supporting our
results are provided.

The rest of the paper is organized as follows. We start with
an introduction of the Bayesian learning framework and the
ULA algorithm in Section II. In Section III, we introduce the
key aspects of the gossip protocol and the event-triggering
scheme followed by mathematical guarantees in Section IV.
Section V provides further insight of our results, while we
conclude with a numerical example in Section VI.

Notation: An n x n identity matrix is denoted as I,,. 1,
denotes a n-dimensional vector of all ones and e; is a n-
dimensional vector with all Os except the i-th element being
1. The L2-norm of a vector x is denoted as ||x||,. Given
matrices A and B, A ® B denotes their Kronecker product.
For a graph G (V, ) of order n, V = {v1, ..., v, } represents
the agents or nodes and the communication links between



the agents are represented as £ = {e1,...,6,} CV x V. A
Gaussian distribution with a mean 1 € R™ and a covariance
¥ € RZ;™ is denoted by N (p, ).

II. PRELIMINARIES
A. Bayesian inference framework

Consider a network of n agents characterized by an
undirected communication graph G(V, &) of order n. The
entire data X = {X,}7, is distributed among n agents
w1th the i-th agent having access only to its local dataset

= {2]}1%), where 7 € RY.

Bayes1an learning provides a framework for leaning un-
known parameters by sampling from a posterior distribution.
The probability of the unknown parameter w given the
data X, denoted by p(w|X), is the posterior distribution
of interest. Assuming that the individual datasets of the
agents are conditionally independent, the target posterior
distribution p*(w) £ p(w|X) is given by

HpX|w HpX|w )7 (1)

Thus, the ob_]ectlve of the 1nference problem is to determine
p*. As analytical solutions to p* are often intractable, MCMC
algorithms aim at sampling from p*.

p(w|X) o« p(w

B. Sampling method

We use the unadjusted Langevin algorithm (ULA) which
is a first order gradient method for sampling from p*. Define
an energy function E(w) = —log(p(w|X)). It follows
from (1) that for some constant C,

X) =Y Ei(w,X;)+C, @)

where E;(w) = —logp(X;|w) — 2 logp(w). In the cen-
tralized sampling scenario, the ULA is given as

wk+1) = wk) — aVE(w(k), X) + V2av(k), 3)

where o > 0 is the gradient step size, the gradient is
given as VE = —Vlogp (X |w) — Vlog p(w), and v(k) ~
N(0g4,,1;,) is an injected Gaussian noise. A distributed
version of (3) was introduced in [13] which is given by

wi(k+1) = wi(k) = B > (wi(k) —w;(k))

JEN; 4)
— apnVE; (wi(k), X:) + V2opvi(k),

where w;(k) is the sample of the i-th agent, A; denotes
the set of neighbors of the i-th agent, ay is the time-
dependent gradient step size, (J; is a time-dependent fu-
sion weight, the individual agent’s gradients are given as
VE; = —Vlogp (X;|lw;) — 2Vlogp(w;), and v;(k) ~
N(Od nId )

w? w
III. ASYNCHRONOUS GOSSIP WITH EVENT-TRIGGERING

A. Gossip protocol

One of the major drawbacks of the algorithm in (4) is
the communication overhead presented by the fusion term
> jen; (wi(k) —w;(k)). This necessitates communication

between all the neighbors at all time instants in a syn-
chronized fashion. We propose the asynchronous gossip
protocol [20] which circumvents this issue by needing only
two agents to update their samples at any given time instant.

Consider that each agent has local clock that ticks at a
Poisson rate of 1 at the tick of which, it randomly chooses
one of its neighbors and together they make updates. We
assume that no two ticks of the local clocks of the agents
coincide. For analysis, we consider a universal clock which
ticks at a rate of n and is indexed by k. Suppose that the
k-th tick of the universal clock coincides with the i;-th
agent’s local clock, then agent ¢; chooses agent j; from
N, uniformly at random. The probability of agent i, Vi €
{1,---,n}, being active at the k-th tick of the universal
clock is given by p; = 1 (1 + N, ﬁ) Note that p;,
Vi, is time-invariant and depends on the graph only. Thus,
it can be computed and stored by each agent a priori and
subsequently used when needed.

Let Ay = {ix, jir} be the set of two agents activated at the
k-th tick of the universal clock. Denote by 7;(k) the number
of times agent ¢ has been active until the k-th tick of the
universal clock. The update algorithm for the active agents,
ie., i € Ag, is given by

wilri(k) + 1) =wi (73 (k) = B (wi(ra(k)) = w; (k) )
JEAK
VE (wi(r:(k)), X4) + \/7”1(7—1( ) &)

2p1
where o and [ are constant gradient step size and fu-
sion weight, respectively, VE; = —Vlogp(X;|lw;) —
%Vlogp(wl), and v; is the injected noise given by v; ~
N (Odw, 514, ) Define §;(k) as the indicator function such

that ¢;(k) = 1 if ¢ € Ay and otherwise J;(k) = 0. Thus,
for agent i, Vi € {1,---,n}, the gossip-based sampling
protocol (5) can be represented in the universal clock index
k as

wi(k+1) = wi(k) = 6;(k)B Y (wilk) — w;(k))
JEAR (6)

For any agent 14, ’w,‘(Ti(k)) = w; (k). For all the ticks of the
universal clock between the 7;(k)™ and the (7;(k)+1)™ ticks
of the i-th agent’s local clock, w;(k) remains unchanged.

B. Event-triggering mechanism

We next introduce an event-triggering mechanism that
further reduces the need to exchange samples at all the
time instants between the active agents. Unless an agent
is triggered, it does not communicate its sample to its
gossiping neighbor and the neighbor proceeds with the last
communicated sample of that agent. Denote by ww;(k) the
last communicated sample of ¢-th agent until the the kth
tick of the universal clock. Agent ¢ is triggered again to
communicate w; (k) if and only if J;(k) = 1 and

lei(B)[13 = llwi(k) — wi(k)[13 > ei(k). )



Incorporating the event-triggering mechanism (7) into (6),
we propose the following sampling algorithm for agent 7, Vi

wi(k+1) = (k)B Y (ti(k) — (k)
TEA (8)
—6i(k )2p VE;(w;(k), X;) + 6;(k)V20v; (k).
We choose the triggering threshold ¢, (k) as
(k) = —14 fe ©)

k) L% = (kDo
where 67, uf > 0 are agent-specific parameters indepen-
dently chosen to control the event- triggering rate, while
te = (2;)55 max;{pf} > 0 and 0, = min; {6} > 0.
The last inequality in (9) holds for sufficiently large k£ with
probability 1 (see [22, Lemma 3]).

IV. RESULTS

We present the key results of our analysis in this section.
A. Consensus and average dynamics

We define the following notation. w(k) = ['wl(k)T, e

wa (k)] vk) = [01(k) T, voa(k)T] L e(k) =
[61(/€)T, -7€n(/€)T]T and VE(k) = [VE, (w1(k), X1) ",
SV E(wa(k), X,) 7]
We rewrite (8) in the vector form as
w(k + 1)=Wrw(k) — anSVE(k) + vV2aS;v(k)
+ B(Lk ® La,,)e(k),
where L, = (eik ejk)(eils ejk)
Sp = (2; e e +3 €k Jk> ® Iy, and S; =
1) ®1Ig,. Let w( ) = 15" w;(k) and
wi(k) w; (k) —w(k). Define the consensus error w(k) =
[@1(k)7,...,w,(k)T]" and note that W(k) = (M ®
I, )w(k) Where M = I, — 11,1 Pre-multiplying (10)

with (M ® I,) yields the “evolution of the consensus
dynamics:

(10)

T Wy = (I, — BLy) ®

(e'Lk e;, t+ej.e

w(k+1) =Wiw(k) + (M @ Ig,)g(k),  (11)
where g(k) = —anSyVE() + V2aS,v(k) +

B(Lr ®1y,)e(k) and (M @ Iy, )Wy, =Wi(M ®14,).
Next, we derive the dynamics of the averaged sample
w(k) generated at each tick of the universal clock as

w(k+1) = w(k) — aVE(k) + V2av(k), (12)
where VE( ) = Diea, VE: (w,(k) X,;) and v(k) =

3 e, vi(k) ~N(0q,,14,). The VE(k) can be consid-
ered a stochastic gradient and is related to the full gradient

VE(w(k)) = Y1y VE;(w(k), X) by
VE(k)=VE(w(k)) - &(w(k), Ay) + C((k), W(k), Ar),
(13)
where
€l@(k), A = VE(@(1) - Y 5-VE(@(k), X.), (14
€A v

C(ﬂ’(k)v V~V(k)7 Ak) = Z

i€ A

o (VE (wi(k), X))

— VEi(w(k), Xi)). (15)
The £(k) represents the stochasticity from the gossip protocol
while ¢ (k) denotes the gradient noise due to consensus error.
It follows that £, (4,)[£(k)] = 0.
B. Assumptions

Assumption 1. The gradients NV E; are Lipschitz continuous

with Lipschitz constant L; > 0 for all i € {1,...,n}, ie,
Y wg, wy € R%, we have
IVEi{(wa, X;) = VE;(wy, X;)||2 < Lil|lwa — wpll2. (16)

From (16) it follows that for E(w, X)) in (2), there exists
some L > 0 such that Vw,, w, € R%™ we have

IVE(wa, X) — VE(wy, X)||2 < L|w, — wpll2. (17)
For the function G(w, X) defined as
=Y VE;(w;, X;) (18)
i=1

where w = [wlT, e ,w,ﬂT, we also conclude from (16)

that there exists L = max;{L;} > 0 such that Vw,, w;, €
R we have

1G(Wa, X) = G(wp, X)|l2 < L wa = W[l (19)

Assumption 2. The overall interaction topology of the n
networked agents is given as a connected, undirected graph
denoted by G(V, E).

For a connected undirected graph G(V, &), the expected
graph Laplacian, denoted by £ = [E[L}], is a positive semi-
definite matrix with exactly one eigenvalue at O correspond-
ing to the eigenvector 1,,.

Assumption 3. There exists some 0 < p, < 0o such that for
any w € R% | we have

Sup }E[IIVEi(w,X)Ilz] < Vg (20)

1e{1,..., n

Note that (20) can be equivalently represented as
E[|VE(w, X)|3] < npg. @D

Assumption 3 has been used in many non-convex optimiza-
tion references.

Assumption 4. The target distribution p* satisfies a log-
Sobolev inequality (LSI) defined as follows. For any smooth
function g satisfying [ g(w)p*(w)dw = 1, a constant

pu > 0 exists such that
/ IIVg ﬁf
- 2PU

Jotw)oggaw (@ v (@) du,
where py is the log-Sobolev constant.

(22)

Assumption 5. The second moment of the stochastic noise
due to gossip in the average gradient £ is bounded, i.e., for



all k > 0 there exists some 0 < Cs < oo such that

Ep, (an I€(@(k), A) 3] < C (23)
Condition 1. The step size « is chosen to satisfy
8alL*
< pu- (24)
(1= exp(—apv)) "
Condition 2. The fusion weight 5 is chosen to satisfy
1
1-0) < ———, 25
B —p) (D) (25)

where \,,_1(L) is the second smallest eigenvalue of L.

Note that the left hand side of (24) decreases monotoni-
cally with a decreasing o and approaches 0 as o approaches
0. Thus, given a py;, there always exists an a* > 0 such that
for any « € (0, o], (24) holds. Similarly, for given 2/\7
(constant for a graph) a 8* > 0 such that (25) holds for any

B € (0, 87].

C. Consensus analysis

Theorem 1 below shows that consensus is achieved at the

rate of O (k%e) with an offset Y5 given after (26).

Theorem 1. Suppose that Assumptions 1-5 hold and that o
and (3 satisfy Conditions 1 and 2, respectively. Define A =
1 —28(1 — B)An_1(L) where \;(-) denotes the i-th largest
eigenvalue of the positive semi-definite matrix £ = E[Ly].
Then the consensus error w(k + 1) satisfies

- k+1 Y,
E[lw(k +1)||3] < ViV W +Y;,  (26)
- Nite 1 —(t+1)
me=MW(M + e S, Ve =
_ 232 nue ) 1 Vo — 2an? (apig/2Pm~+2dw)
¢X( V) t+1 >3 (1-VX)2 ’
t= {0, m — 1—‘} and p,, = min;{p; }.

Proof. To analyze the consensus error, we start with the
consensus dynamics in (11) and take the norm on both sides,
yielding

[w(k+ D2 < [Wiw(F)ll2 + lgF)ll2, @7

where we used the result |[[(M ® I, )gk)l]2 < [|M ®
Ta, |2llg(F)ll2 = llg(k)l|2 since [|M & I4,[|> = 1. Denoting
by Fi be the filtration generated by randomized sampling of
{w(£)}%_,, it can be shown that the conditional expectation
E[|WeW(k)||3|Fr] follows the relation below:

E[[Wiw (k)3 Fx] = W (k) "EDV Wil (k) < Xl (k)|]5.
(28)

Note from (25) that 0 < A. It also follows from 26(1 —

B)An—1(L) > 0 that A < 1. The conditional expectation
E[||g(k)||3| Fx] can be shown to satisfy

2,2 2
2 71 <o T My 2 2B npe
Bl 7] <2 (ke + 2and, ) + 2t
(29)

Recall the identity (z +y)? < (6 + 1)z% + (&) y? for
any xl,y,@ € R and 6 > 0. We use this identity with § =
VA —1 > 0 on (27), subsequently take the conditional

expectation E[-|F], and substitute (28) and (29). Further,
taking the total expectation yields
1 20%np
E[||w(k + 1)]13] < VAE[|w(k)||3] + <
[lIw(k+1)l5] < (W (F)I2] AT
2an?(aupig /2pm + 2d,y) . (30)
11—+
Finally, using (30) iteratively with some additional algebra
results in the consensus error bound (26). O]

D. Convergence analysis

We denote by p(w(k)) the probability distribution of
w(k) admitted by the average dynamics (12) and analyze its
evolution. To do so, we first reformulate (12) as a stochastic
differential equation (SDE). For any ¢ € [tx,txt1) where
tix = ka, the SDE form of (12) is given by

dw(t) = —(VE(@(t) - €(@(t), Ar)
+ (@ (th), Wit), Ar) ) dt + V2dB(1),

where B(t) represents a d,, dimensional Brownian motion,
w(ty) = w(k), and w(tx) = w(k). Denote by p;(w) the
distribution of w(t) from (31). Since the gradient terms
in (31) remain constant within ¢ € [ty,tp11), Py, (W) is
the same as p(w(k + 1)) from (12), V& > 0. Thus, we
analyze the evolution of p;(w) from (31). Let yx 1 = w(t),
Yk2 = W(tk), yrs = A and yp = [y} 1,y .yl 5] 7. Using
the Fokker Planck (FP) equation for the SDE in (31) we have

O0e0l) g Tpy(awlyn) ( ~ VE(w) + Err.vin)

ot
— () )| + I2plo ). (32)

Marginalizing out y; from (32), we get the evolution of
pi(w) for t € [ty,tr+1) corresponding to any k > 0 as

3% [//EZZ%UMM(VE((MD+C@H

Yk,3€EA

—«%m%@ﬁ@mmu@m]+wmwm

where A is the finite set of all possible values of y; 3 = Ay,
i.e., the set of all possible gossiping partners at any time
instant of the universal clock.

We next employ the KL divergence between the proba-
bility distribution p,(w) and the target distribution p*(w),
denoted by F'(p;(w)), to prove convergence of the posterior
of w in (12). Specifically, F'(p;(w)) is defined as

_ pe(w) -

Fintw) = [ niw)tog (242 ) o
Theorem 2 below establishes that F(p;(w)) decreases at
the rate of O (k%e) to a bias B given in (4Q). The proof
makes use of (33) and the LSI (22) to obtain F'(p;(w)) and

subsequently bound F'(p;(w)).

3D

(33)

(34)

Theorem 2. Suppose that all the assumptions and conditions
in Theorem 1 hold. Then

1) If apy +InvV/X < 0, then



F(ptk+1 (ﬂ})) < €xXp ( - apU(k + 1)))F(pt0 (ﬁ)))

+Y, exp(—apuk) + +B, (35

(k+ 1)
2) if apy +InvV/X > 0, then
F(piy, (w)) < exp (= apy(k +1))) F(pr, (w))

— 1 k-‘rl Y
+Y, VA

— + B, 36
ML 0)
where }71/ , 1_/1”, }72, and B are positive constants given by
_, 1 312172 L?
Y, = (1— ) (0‘ “) Yi, 37)
apy + ln \/X Pm 4pm
E+1 =
_ 1 A 3212 L?
Yl _ f (a n « > Yl, (38)
apy +InvA DPm 4pm
_ e L ra3I2L?2 al?
v, — _ O + )y, 09
2 (O‘p v k’z) ( P Apm)
v
B=—"—"——, 40
1 — exp(—apu) “0)

in which v =
3 2
L2L

( Pm +

Proof. From (34) the evolution of F(p,(w)) is related to
31)5(11’) by
t

F(py(w)) = / (1+m g(piiwi))apg?)

Substituting (33) into (41) and performing all the appropriate
marginalization yield

20°L2d,, + 203L*C, + 40*L?C, +
) Ys and Ys is given after (26).

dw. (41)

2
F(pt(ﬁ’))<— Epf(w) Vlog 1) + 2aL%dy, + 2a% x
pr(w) |l
—y = 2L2L2 L2
2/72
L*(L*C, +2C,) + ( - 4pm> Ep, ) llW(te)]13,
(42)
where ollé(@t)w(t), Ad)l3] < O, and

Ept(ﬁ,)[Hw(tk)H] < (C,. Note that the existence of
C, can be explicitly proven, which is skipped due to

space constraints.. Thereafter, we employ the LSI (22) with
() 16 obtain

g(w) = p*(g))
oo (52
oo (2]

which when substituted in (42) gives a recursive relation in
F(p:(w)) for any t € [ty,tr+1) as follows:

F(py(@)) < —puF(pe(w)) + 2aL?dy, + 202 LAC,
a?L2L? L? - 9

) En @ I
Conducting further analysis on (44), we obtain the conver-
gence rate for (12) in two cases depending on the sign of
apy + Inv/X (note that Iny/X < 0 since A < 1), which are
shown in (35) and (36), respectively. L]

F(p(w))
2 43)

(44)

+ 40z2f/20g + (

V. DISCUSSIONS

In this section, we highlight some key insights in our
results. Firstly, from (26) we get the rate of consensus as
O (75-)- with a constant offset Y3 given after (26) in the
asymptotic consensus error. This results from the usage of a
constant gradient step size . To keep Yg low, we may choose
the step size « to be scaled as a 2 - Also, increasing
P reduces the Y3 as higher p,, imphes less randomness in
the gossip.

Secondly, we conclude from (35) and (36) that in either
case the rate of convergence is O (kae ) as well. It is tempting
to conclude that a high value of J, is preferable since it fos-
ters both consensus and convergence rate. However, a high 4,
value results in a quicker decay of the error threshold in (9),
leading to increased communication overhead as £ increases.
Thus . is an important hyperpaprameter trading off the rate
of convergence against the communication overhead.

As observed from either (35) or (36) that, there is a
constant bias B in the KL divergence bound. From (40), the
most obvious dependence of B is on the step size «. For a
sufficiently small o, 1 —exp(—apy) = apy. Since the least
power of a in any of the terms in v is 2, we have v = a?7.
Hence, B ~ ;‘—5. Thus, lowering « is likely to reduce B,
however, it may also compromise the rate of convergence.
Furthermore, B linearly decreases with the reduction in Cg
(variance of the stochasticity of gossip), C' (variance of the
average of samples) and d,, (dimension of the samples). In
addition, B o« 2~ o , implying that reducing n (the number of
agents) and increasing p,, (the least probability of any agent
being active) reduces the bias. This is intuitive as reducing
n or increasing p,, lowers the uncertainty in the random
selection of gossiping agents which translates to a lower bias.

Finally, note that the last term of v (given below (40))
contains the consensus error offset Y3 while the other terms
of v are due to the variance from different sources (injected
noise, gossip stochasticity, and average of samples).

VI. NUMERICAL EXPERIMENTS
A. Gaussian mixture

We consider parameter inference of a Gaussian mixture
with tied means [23]. The Gaussian mixture is given by

01 ~N(0,07) ;6O ~N(0,03) (45)
1 1
Ti~ §N(9170§;)+§N(61+9270—§:)a (46)
where 07 = 10, 02 = 1, 02 = 2 and w = [61,0,] " € R2.

We draw 100 data samples x; from the model with [0, 05] =
[0,1]. These data points were equally randomly distributed
among 5 agents. The communication topology between the
agents is a ring graph.

Simulation results with 1 chain for (100000 x n) iterations
is presented with: @ = 1 x 1074, 8 = 0.1, y, = 8 and
0 = 0.51. The samples from the gossip event-triggered algo-
rithm (8) are compared with an approximated true posterior
distribution in Figure 1. Wasserstein distances between the
sampled posterior from the approximated posterior, calcu-
lated using [24], are presented as a metric of accuracy.



The average frequency of gossiping and event-triggering
for each agent is listed in Table I which suggests that an
average (over all agents) of 60% reduction in activity is
achieved due to the gossiping protocol, while communication
is reduced by more than 80% due to event-triggering. Note
that the percentage reduction in communication due to event-
triggering is computed based on the number of times each
agent has been active.

B Actual # Agent# 1 # Agent# 2
2 2 P 2
=0 =40 : =40
2 2 2
4 -4 4
-2 0 2 2 o 2 2 o 2
11 "11 J1
B Agent# 3 # Agent# 4 # Agent# 5
2 2 2
-
=0 =0 ]
-2 2 -2 .
4 -4 4
2 0 2 2 0 2 2 L] 2

Fig. 1: Comparison of the posteriors constructed by the 5 agents
with the actual approximate posterior. The Wassersterin distances
between the agents’ posteriors with the approximate true posterior
are: 0.1089, 0.0942, 0.0964, 0.0963, and 0.1073, respectively.

Agenit | 1 | 2 | 3 [ a4 | 5 |
gos | 199481 | 200460 | 200817 | 199912 | 199328
%ogos | 399% | 401% | 402% | 40.0% | 39.9%
ET | 33735 | 33646 | 33695 | 33457 | 33477
%ET | 169% | 168% | 168% | 167% | 16.8%

TABLE I: Details about the frequency of gossiping and event-
triggering averaged over all 5 trials for all agents. (gos = number of
times the agents have been active among the total 500000 iterations,
% gos = gossip as a fraction of the total iterations; £7T" = number
of times the agents have exchanged their samples, % ET = fraction
of triggers out of the total number of times each agent had been
active).

VII. CONCLUSIONS AND FUTURE WORK

In this paper, we propose an asynchronous, distributed
ULA algorithm for Bayesian learning via an event-triggered
gossip communication. We derive rigorous convergence
guarantees for the proposed algorithm and illustrate its ef-
fectiveness using a numerical experiment. Though we obtain
good empirical results, our mathematical analysis shows
asymptotic bias in the convergence which stems from the use
of a constant step size. Our future work involves the analysis
of gossip algorithms with diminishing step sizes and other
asynchronous algorithms for distributed Bayesian learning.
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